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Anomalous fractional quantum Hall effect and multi-valued Hamiltonians
Xi Wu∗ and M. A. Zubkov†‡
Physics Department, Ariel University, Ariel 40700, Israel
We discuss anomalous fractional quantum Hall effect that exists without external magnetic field.
We propose that excitations in such systems may be described effectively by non-interacting parti-
cles with the Hamiltonians defined on the Brillouin zone with a branch cut. Hall conductivity of
such a system is expressed through the one-particle Green function. We demonstrate that for the
Hamiltonians of the proposed type this expression takes fractional values times Klitzing constant.
Possible relation of the proposed construction with degeneracy of ground state is discussed as well.
I. INTRODUCTION
According to the common lore the quantum Hall ef-
fect [1] has topological reason. Relation to topology
has been well established for the case of integer quan-
tum Hall effect (IQHE). At the same time in the case
of the most challenging fractional quantum Hall effect
(FQHE) [2] the relation to topology remains unclear.
Topological origin of IQHE is typically associated with
the so-called TKNN (Thouless, Kohmoto, Nightingale,
den Nijs) invariant [3–7]. The corresponding expression
is not changed when the system is modified smoothly.
This relation, has been obtained originally for the ideal-
ized systems in the presence of constant magnetic fields,
in the absence of disorder, and without inter-electron in-
teractions. The influence of both disorder and interac-
tions on the Hall conductivity in external magnetic field
has been later discussed widely [8–11]. This considera-
tion has also been limited by the case of the constant
magnetic field.
The appearance of IQHE without any magnetic field
has been proposed [12] in the framework of the Haldane
model and its cousins. In such systems energy bands
carry nontrivial Chern numbers [3]. This type of the
quantum Hall effect is called now the intrinsic anoma-
lous quantum Hall effect (AQHE), while the correspond-
ing systems are called Chern insulators. In the absence
of the inter-electron interactions the TKNN invariant
for the intrinsic QHE (existing without external mag-
netic field) was expressed through the momentum space
Green’s function [13, 14] (see also Chapter 21.2.1 in [15]).
Moreover, it has been shown that the intrinsic anomalous
quantum Hall effect (AQHE) conductivity is given by
the expression of [13, 14], in which the non-interacting
two-point Green function has been substituted by the
two point Green function with the interaction corrections
[16].
Recently, it has been proposed, that the strongly corre-
lated fermionic systems may possess the FQHE without
†On leave of absence from NRC ”Kurchatov Institute” - ITEP, B.
Cheremushkinskaya 25, Moscow, 117259, Russia
∗Electronic address: wuxi5949@gmail.com
‡Electronic address: zubkov@itep.ru
external magnetic field. This is the anomalous fractional
Hall effect (FAQHE). The corresponding systems are typ-
ically called fractional Chern insulators (FCI) [17–25]. It
has been conjectured that in those systems the topolog-
ical flat bands [17–19] may play the role of Landau lev-
els. According to the standard hypothesis interactions
result in the fractional filling of those topological bands.
Numerical results on the dynamics of the corresponding
models have been reported, which propose the existence
of FAQHE [20, 21, 23–25]. Discussion of related phenom-
ena may also be found in [26–36].
In the past certain efforts have been invested to find
suitable many-body wave functions corresponding to the
electron states in the Chern insulators. Those construc-
tions are based on an analogy to the Laughlin trial wave
function of the two-dimensional (2D) electron gas in a
strong magnetic field [37] (see also [38, 39]), and on its
decomposition using Jack polynomial [40–45]. On the
language of the trial many-body wave functions a map-
ping has been proposed between the systems with IQHE
and AQHE [22, 46–49]. Extension of this approach to
the FQHE/FAQHE correspondence has been discussed
as well [50].
In the present paper we conjecture the alternative ap-
proach to the understanding of the FAQHE in fractional
Chern insulators. Instead of finding the suitable many-
body trial wave function we base our consideration on
an analogy to the topological invariant responsible for
the AQHE in topological insulators composed of the two-
point Green function [14, 15]. We propose that the elec-
tron dynamics in FCI can be described effectively by
the noninteracting fermionic excitations carrying electron
charge, but having the Hamiltonians of unusual type de-
fined on the Brillouin zone with the branch cut. As we
will see, it is exactly the multivalued Hamiltonian hav-
ing branch cut that gives Hall conductivity equal to a
fractional value times Klitzing constant.
The paper is organized as follows. In Sect. II we re-
call formulation of the lattice models in momentum space
and derivation of the topological representation for Hall
conductivity through the one-particle Green function. In
Sect. III we introduce the notion of fractional winding
number of a curve around a point in a plane. In Sect. IV
we extend consideration of Sect. III to the simplest exam-
ple of the Hamiltonian defined on the Brillouin zone with
the branch cut. We show that in this model Hall conduc-
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2tivity is proportional to fractional number. In Sect. V
we propose a way to write down Hamiltonians with the
branch cut in Brillouin zone that give the expected frac-
tional quantum Hall effect. In Sect. VI we give two
explicit examples based on Wilson fermion Hamiltonian
and Haldane model of topological insulator. In Sect. VII
we end with the conclusions.
II. HALL CONDUCTIVITY AS THE
TOPOLOGICAL INVARIANT IN MOMENTUM
SPACE
In this section for completeness we remind briefly the
derivation of the topological expression for the conduc-
tivity of intrinsic anomalous quantum Hall effect in two-
dimensional topological insulators. The Hall conductiv-
ity is expressed here through the two-point Green func-
tion. Such an expression has been proposed in [13, 14].
In the next sections this expression will be used for the
description of the effective models of fractional Chern in-
sulators.
Let us start from brief consideration of lattice models
in momentum space following the methodology of [51–53]
(see also [60, 61, 63] and references therein). This is the
extension to the field theory of the quantum-mechanical
Wigner-Weyl calculus [54–57]. In the absence of the ex-
ternal gauge field the partition function of the theory
defined on the infinite lattice is
Z =
∫
Dψ¯Dψ exp
(
−
∫
M
dDp
|M| ψ¯
T (p)G−1(p)ψ(p)
)
(1)
Here |M| is the volume of momentum spaceM, D is the
dimensionality of space-time. Without loss of general-
ity we assume here that (imaginary) time is discretized.
This results in the finite value of |M|. At any step of
calculations the discretization of time may be taken off.
ψ¯ and ψ are the Grassmann-valued fields defined in mo-
mentum space M. The Green function G is specific for
the given system. In the presence of the constant exter-
nal gauge field corresponding to the potential A(x) (up
to the terms irrelevant in the low energy effective theory)
we may represent the partition function as follows [51]
Z =
∫
Dψ¯Dψ exp
(
−
∫
M
dDp
|M| ψ¯
T (p)Qˆ(i∂p, p)ψ(p)
)
(2)
Here
Qˆ = G−1(p−A(i∂p)) (3)
while the pseudo-differential operator A(i∂p) is defined as
follows. First, we represent the original gauge field A(r)
as a series in powers of coordinates r. Next, variable
r is substituted in this expansion by the operator i∂p.
Besides, in Eq. (3) each product of the components of
p−A(i∂p) is subsitituted by the symmetric combination
(for the details see [51]).
We relate operator Qˆ = Q(p− A(i∂p)) and its inverse
Gˆ = Qˆ−1 defined in Hilbert space H of functions (on
M) with their matrix elements Q(p, q) and G(p, q) corre-
spondingly:
Q(p, q) = 〈p|Qˆ|q〉, G(p, q) = 〈p|Qˆ−1|q〉 .
Here the basis elements of H are normalized as 〈p|q〉 =
δ(D)(p− q). Those operators obey the following equation
〈p|QˆGˆ|q〉 = δ(p− q) .
The Green function of Bloch electron is given by
Gab(k2, k1) = 1
Z
∫
Dψ¯Dψ exp
(
−
∫
M
dDp
|M| ψ¯
T (p)Qˆ(i∂p, p)ψ(p)
)
ψ¯b(k2)√|M| ψa(k1)√|M| . (4)
Here indices a, b enumerate the components of the
fermionic fields. In the following we will omit those
indices for brevity. Notice, that we use the relativistic
units, in which both ~ and c are equal to unity. Besides,
elementary charge e is included to the definition of elec-
tric and magnetic fields. The Wigner transformation of
G is defined as the Weyl symbol of Gˆ:
GW (x, p) ≡
∫
M
dqeixqG(p+ q/2, p− q/2) . (5)
Correspondingly, the Weyl symbol of operator Qˆ is given
by QW (x, p) ≡
∫
M dqe
ixqQ(p+ q/2, p− q/2). It ap-
pears that for the slowly varying field A(x) we have
QW (x, p) = QW (p − A(x)) ≡ Q(p − A(x)) (see [51]). It
is assumed here that Q(p1, p2) is nonzero for the values
of |p1 − p2| much smaller than the size of the Brillouin
zone. (The values of |p1 + p2| may be arbitrary.) This
occurs if the external electromagnetic field is slowly vary-
ing, i.e. its variation on the distance of the order of the
interatomic distance may be neglected. Under these con-
ditions the Wigner transformed Green function obeys the
Groenewold equation (see [51]):
GW (xn, p)e
i
2
(←−
∂ xn
−→
∂p−←−∂p−→∂ xn
)
QW (xn, p) = 1 . (6)
By xn we denote the lattice points. Although the lattice
points are discrete, the differentiation over xn may be de-
fined following [51] because the functions of coordinates
may be extended to their continuous values.
Variation of partition function gives the following ex-
pression for the electric current density:
〈jk〉 = −
∫
dDp
(2pi)D
TrGW (p, x)∂pkQW (p−A(x)).(7)
Let us consider the case of constant external field
strength Aij . We are going to expand 〈j〉 in powers of
3Aij and to keep the linear term only. We define G
(0)
W that
obeys
G
(0)
W (p)Q
(0)
W (p) = 1 .
Here Q
(0)
W (p) = G−1(p), which gives G(0)W (p) = G(p). We
use both expansion in powers of A and the derivative
expansion. Solution of the Groenewold equation up to
the terms linear in A and its derivatives is given by
GW (p, x) = G
(0)
W
+G
(0)
W ∂pmQ
(0)
W G
(0)
W Am
− i
2
G
(0)
W
∂Q
(0)
W
∂pi
G
(0)
W
∂Q
(0)
W
∂pj
G
(0)
W Aij . (8)
We then rewrite Eq. (7) as follows:
〈jk〉 ≈ −
∫
dDp
(2pi)D
TrG
(0)
W (p)∂pkQ
(0)
W (p)
+
i
2
∫
dDp
(2pi)D
TrG
(0)
W
∂Q
(0)
W
∂pi
G
(0)
W
∂Q
(0)
W
∂pj
G
(0)
W ∂pkQ
(0)
W Aij . (9)
The first term here is the equilibrium ground state cur-
rent in the absence of electric field. It is widely believed
to be equal to zero due to the extension of the Bloch the-
orem to the field-theoretical systems. Anyway, this term
cannot contribute to the electric current of the QHE be-
cause it does not contain external electric field.
In order to obtain expression for Hall current we substi-
tute to the above expressions the Euclidean field strength
Aij corresponding to the electric field Ek. Its nonzero
components are
ADk = ∂DAk − ∂kAD = −iEk. (10)
This results in the following expression for the current
density in the presence of the external electric field Ei:
〈jk〉 = 1
2pi
N 3kjEj ,
N = ijk
3! 4pi2
∫
d3pTr
[
G ∂G
−1
∂pi
∂G
∂pj
∂G−1
∂pk
]
. (11)
This is the result obtained in [13, 14] using another meth-
ods. It can be shown that for the single valued functions
G the above expression for N gives integer numbers. Be-
low we will consider the case when G is multi-valued func-
tion, i.e. it is defined on the Brillouin zone with the
branch cut.
III. MULTIVALUED FUNCTIONS AND
FRACTIONAL WINDING NUMBER
Before we come to the consideration of the models with
multi-valued Green function in momentum space let us
discuss the appearance of the fractional winding number
in a simpler case.
We will introduce here the notion of fractional winding
number resulted from multi-valued functions as a gener-
alization from the usual integer winding number related
to a single-valued function. More explicitly, let us con-
sider a one dimensional closed curve (x(t), y(t)) in two-
dimensional plane parametrized by parameter t. Both
functions x(t) and y(t) are periodic with period T , so
that t is identified with t+ T :{
x(t) = x(t+ T )
y(t) = y(t+ T )
. (12)
The winding number of this curve around the point (0, 0)
is given by
N1 :=
1
2pi
∫ t=t0+T
t=t0
xdy/dt− ydx/dt
x2 + y2
dt . (13)
Another convenient parametrization is{
z(t) = x(t) + iy(t)
z¯(t) = x(t)− iy(t) ⇔
{
x(t) = 12 (z(t) + z¯(t))
y(t) = 12i (z(t)− z¯(t))
,(14)
and in this way the winding number can be conveniently
rewritten as
N1 =
1
4pii
∫ t=t0+T
t=t0
z¯dz/dt− zdz¯/dt
zz¯
dt
=
1
4pii
∫ t=t0+T
t=t0
d ln(
z(t)
z¯(t)
) . (15)
The periodicity is expressed as{
z(t+ T ) = z(t)e2pin1i
z¯(t+ T ) = z¯(t)e−2pin1i , where n1 ∈ Z . (16)
Substituting Eq. (16) into Eq. (15), we obtain the integer
winding number
N1 = n1 . (17)
Now let us come to the consideration of multi-valued
functions z′(t) and z¯′(t) composed of the above single-
valued functions z(t) and z¯(t):{
z′(t) = z
1
n (t)
z¯′(t) = z¯
1
n (t)
&
{
x′(t) = 12 (z
′(t) + z¯′(t))
y′(t) = 12i (z
′(t)− z¯′(t)) .(18)
Here functions x′(t) and y′(t) define a new curve. Func-
tion z1/n is multi-valued. On Fig. 1 we represent the
corresponding Riemann surfaces for n = 2, 3, 4. Transla-
tion t→ t+ T for function z′(t) and z¯′(t) results in{
z′(t+ T ) = z′(t)e
2pin1i
n
z¯′(t+ T ) = z¯′(t)e−
2pin1i
n
, (19)
with coprime values of n1 and n. One can see the pe-
riodicity is lost. Actually, now z′(t) and z¯′(t) are peri-
odic functions with the period nT . We can also say that
4FIG. 1: We present here the Riemann surfaces of functions
z1/n with n = 2, 3, 4.
functions z′(t) and z¯′(t) have n branches in the interval
t ∈ (0, nT ]:{
t→ z′(t), z′(t)e 2piin , ..., z′(t)e 2pi(n−1)in
t→ z¯′(t), z¯′(t)e− 2piin , ..., z¯′(t)e−2pi(n−1)in . (20)
Now we define the notion of fractional winding number
for the curve given by functions x′(t) and y′(t). Each
branch is not periodic as a function of t with the period
T . At t = t0 it has a discontinuity corresponding to the
entrance to another branch. We propose the following
formal definition of the winding number:
N ′1 :=
1
4pii
∫ t=t0+T
t=t0
d ln(
z′(t)
z¯′(t)
)
=
1
n
N1 =
1
n
1
4pii
∫ t=t0+nT
t=t0
d ln(
z′(t)
z¯′(t)
) . (21)
As we can see, this definition is independent of the value
of t0 which is the branch cut, so it is free from ambiguity.
The meaning of this fractional winding number is that
all n different branches of the curve (z′(t), z¯′(t)) wind
around the point (0, 0) precisely N1 times. Each piece of
the curve corresponding to the interval t ∈ (t0, t0 + T ]
effectively winds up N1/n times. Notice that the gener-
alization to the notion of irrational winding number may
be inappropriate since it would require an infinitely large
number of branches and thus an infinitely large denomi-
nator.
IV. MULTIVALUED HAMILTONIAN. THE
SIMPLE EXAMPLE.
In Sect. II we considered the conventional models with
noninteracting electrons. The obtained expression for the
Hall conductivity appears to be the integer multiple of
1/(2pi). The corresponding integer number is the topo-
logical number that is a generalization of the winding
number. Let us suppose that the system may be ex-
pressed qualitatively as the collection of noninteracting
excitations. For those excitations we expect the appear-
ance of the Hermitian hamiltonian. Moreover, this hamil-
tonian is assumed to give an unambiguous expression for
the dependence of energy on momentum. But we allow
the Hamiltonian itself to be the multivalued function on
the Brillouin zone, so that the Brillouin zone contains the
branch cut. Below the toy models of this type are consid-
ered, and it is shown that the corresponding expressions
for the Hall conductivity are indeed given by noninteger
multiples of 1/(2pi).
In order to better understand relation between the
multi-valued functions and non-integer winding numbers
we considered in the previous section III an example that
was not related directly to Hall conductivity. Here the
more complicated example is considered related directly
to the topological invariant responsible for the FQHE.
We consider the two-dimensional systems with
G−1 = iω −H = iω −
3∑
a=1
haσ
a (22)
Here H is the Hamiltonian while ω is the Matsubara
frequency. We also denote
G =
3∑
a=0
gaσ
a , gˆa =
ga√−detG .
According to the results of Sect. II the Hall conduc-
tivity is given by σH =
1
2piN3. The corresponding value
of N3 in momentum space in 2 + 1 D is given by
N3 =
2pi
6
∫
d3p
(2pi)3
ijk tr(G ∂
∂pi
G−1G ∂
∂pj
G−1G ∂
∂pk
G−1)
=
2pii
6
∫
d3p
(2pi)3
ijk
abcdgˆa
∂
∂pi
gˆb
∂
∂pj
gˆc
∂
∂pk
gˆd , (23)
Integrating over p0(= ω), we get
N3 =
1
4pi
∫
d2p abchˆa∂px hˆb∂py hˆc
=
1
4pi
∫
d2p abc
ha
|h|3 ∂pxhb∂pyhc , (24)
where |h| =
√∑3
a=1 h
2
a. We will use Eq.(24) for the
calculation of topological invariants if the one-particle
Hamiltonian is known.
The general theory developed in Sect. II was devoted
to the noninteracting fermions defined on the lattice.
However, the final expression is also valid for the contin-
uum theory. In this section we consider the continuum
toy model with the Hamiltonian
H1/3 =
[
m (p1 − ip2)1/3
(p1 + ip2)
1/3 −m
]
=
[
h3 h1 − ih2
h1 + ih2 −h3
]
, (25)
5in which
|h| =
√
(p21 + p
2
2)
1/3 +m2 . (26)
The branch points of h1± ih2 are at
√
(p21 + p
2
2) = 0 and√
(p21 + p
2
2) =∞. For the integration, we can choose the
branch cut at arctan p2p1 = 0. Substituting Eq.(25) into
Eq.(24), we get
N3[H1/3] =
1
4pi
∫
m
|h|3 dh1(p) ∧ dh2(p). (27)
Further it becomes
N3[H1/3] =
1
4pi
∫
dp1 ∧ dp2
9
m
(
p21 + p
2
2
)− 23(√
(p21 + p
2
2)
1/3 +m2
)3 .(28)
And we deduce
N3[H1/3] =
1
6
m
|m| . (29)
Though this Hamiltonian is a three-fold function in mo-
mentum space, it is Hermitian and the energies are single-
valued, as promised. It is worth mentioning that the
value of N for the single continuum massive 2+1D Dirac
fermion with single - valued Hamiltonian is half - integer
rather than integer. This is because the continuum Dirac
fermions are marginal (see Sect. 11.4.2 in [15]). Actually
any lattice model always contains pairs of two - compo-
nent fermions, and therefore the value of N is integer for
the single - valued lattice Hamiltonians as we will see in
the next sections.
V. MULTI-VALUED HAMILTONIAN. A MORE
GENERAL SITUATION.
From the above sections we see that the fractional
winding number comes from the multi-valued functions.
The example of Sec. (IV) can be generalized straight-
forwardly to the case of the lattice model. For a lat-
tice Hamiltonian H1 given by 2-by-2 matrix with integer
winding number N3[H1], there is always a class of Hamil-
tonians Hk/n with winding number
k
n times N3[H1] (k
and n are coprime integers). In this section we prove this
relation, namely
N3[Hk/n] =
k
n
N3[H1] . (30)
Let
Hk/n =
[
h3 h1 − ih2
h1 + ih2 −h3
]
(31)
:=
[
h′3 (h
′
1 − ih′2)
k
n
(h′1 + ih
′
2)
k
n −h′3
]
H1 =
[
h′3 h
′
1 − ih′2
h′1 + ih
′
2 −h′3
]
. (32)
Each of the two off-diagonal components of Hk/n have n
values, or more accurately n arguments. In mathematical
language, h1 ± ih2 are in Riemann surfaces of h′1 ± ih′2 ,
each having n Riemann sheets. However, we do not need
to specify which Riemann sheet is chosen.
We have
N3[H1] =
1
4pi
∫
d2p abc
h′a
|h′|3 ∂pxh
′
b∂pyh
′
c
=
1
4pi
∫
1
|h′(p)|3 (h
′
1(p)dh
′
2(p) ∧ dh′3(p)
+h′2(p)dh
′
3(p) ∧ dh′1(p) + h′3(p)dh′1(p) ∧ dh′2(p))
N3[Hk/n] =
1
4pi
∫
d2p abc
ha
|h|3 ∂pxhb∂pyhc
=
1
4pi
∫
1
|h(p)|3 (h1(p)dh2(p) ∧ dh3(p)
+h(p)2dh3(p) ∧ dh1(p)
+h3(p)dh1(p) ∧ dh2(p)), (33)
Let us first prove a useful formula proposed in [58]
N3[H1] =
1
2
∑
pa
(sgn(h′3)sgn(det(
∂h˜′i
∂pj
)|pj=paj ))
with h˜
′
(paj ) = 0 , h˜
′
= (h′1, h
′
2) . (34)
We use an identity which can be checked easily:
1
|h′|3 (h
′
1dh
′
2 ∧ dh′3 + h′2dh′3 ∧ dh′1 + h′3dh′1 ∧ dh′2)
=
i
2
d
h′3
|h′| ∧ d ln(
h′1 + ih
′
2
h′1 − ih′2
) . (35)
From this, the topological number N3[H1] can be written
as
N3[H1] =
i
8pi
∫
BZ
d
h′3
|h′| ∧ d ln(
h′1 + ih
′
2
h′1 − ih′2
) . (36)
Function ln(
h′1+ih
′
2
h′1−ih′2 ) is not defined everywhere in the Bril-
louin zone. Therefore, for the integration of Eq. (36), we
need to remove the singular regions. This can be done as
follows
N3[H1] =
∑
a
lim
→0
i
8pi
∫
BZ\a
d
h′3
|h′| ∧ d ln(
h′1 + ih
′
2
h′1 − ih′2
)
=
∑
a
lim
→0
i
8pi
∫
BZ\a
d(
h′3
|h′|d ln(
h′1 + ih
′
2
h′1 − ih′2
))
=:
∑
a
∫
BZ\{a}
dA′ , (37)
where a := {(pa1 , pa2)|(h′1(pa))2 + (h′2(pa))2 = }. Via
Stokes theorem, the integration becomes a contour inte-
6gral:
N3[H1] = −
∑
a
lim
→0
∮
∂a
A′
= −
∑
a
lim
→0
i
8pi
∮
∂a
h′3
|h′|d ln(
h′1 + ih
′
2
h′1 − ih′2
)
= −
∑
a
lim
→0
i
8pi
h′3√|(h′3)2 + |
∮
∂a
d ln(
h′1 + ih
′
2
h′1 − ih′2
) ,
(38)
The contour integral can be evaluated
i
2
∮
∂a
d ln(
h′1 + ih
′
2
h′1 − ih′2
)
= −
∫
a
d(kj
∂
∂h′k
ln(h˜′)dhj)
= −
∫
a
∇2h ln(h˜′)d2h˜
′
(p)
= −2pi
∫
a
δ(2)(h˜
′
) det(
∂h˜′i
∂pj
)d2p , (39)
where
|h˜′| =
√
(h′1)2 + (h
′
2)
2 , h˜
′
= (h′1, h
′
2) .
Using the formula
δ(n)(f(x)) =
∑
fi(xaj )=0
δ(n)(x− xa)∣∣∣det( ∂fi∂xj )|xj=xaj ∣∣∣ (40)
for single-valued functions fi(xj), we get Eq (34).
In a similar manner, we write N3[Hk/n] as
N3[Hk/n] =
i
8pi
∫
BZ
d
h3
|h| ∧ d ln(
h1 + ih2
h1 − ih2 ) (41)
Moreover, because of Eq. (31), globally we have
d ln(
h1 + ih2
h1 − ih2 ) =
k
n
d ln(
h′1 + ih
′
2
h′1 − ih′2
) . (42)
Again, we remove the singularities
N3[Hk/n] =
∑
a
lim
→0
i
8pi
∫
BZ\a
d
h3
|h| ∧ d ln(
h1 + ih2
h1 − ih2 )
=
∑
a
lim
→0
i
8pi
∫
BZ\a
k
n
d(
h′3
|h|d ln(
h′1 + ih
′
2
h′1 − ih′2
))
=:
∑
a
∫
BZ\{a}
dA , (43)
In addition to the factor k/n there is |h| instead of |h′| in
the denominator. However, note that though h1(p) and
h2(p) are multi-valued, differential one-form A is single-
valued. Therefore Eq. (43) becomes
N3[Hk/n] = −
∑
a
∮
∂a
A
= −
∑
a
lim
→0
i
8pi
h′3√
|(h′3)2 + k/n|
∮
∂a
k
n
d ln(
h′1 + ih
′
2
h′1 − ih′2
) ,
(44)
Following the same procedure as Eq. (39) and Eq. (40),
we get
N3[Hk/n] =
k
2n
∑
pa
(sgn(h′3)sgn(det(
∂h˜′i
∂pj
)|pj=paj ))
with h˜
′
(paj ) = 0 . (45)
The difference between |h| and |h′| does not appear in the
final expression since the values are taken at the points,
where |h(pa)| = |h′(pa)| = |h3(pa)|. Comparing with Eq.
(34), we see that Eq. (30) is obtained.
VI. MODELS OF WILSON FERMIONS AND
HALDANE MODEL
Let us now apply the general formalism developed
above to certain particular models. First, let us con-
sider the Hamiltonian inspired by the model with Wil-
son fermions. This model is used widely both in lattice
quantum field theory understood as the regularization of
relativistic quantum field theory and in condensed mat-
ter physics. In the latter case it describes qualitatively
the topological insulators as well as the Dirac semimetals.
The corresponding Hamiltonian has the form
HW =
[
m˜(p) sin p1 − i sin p2
sin p1 + i sin p2 −m˜(p)
]
, (46)
where m˜(p) = m + 2 − cos p1 − cos p2. From above we
construct
HW, 1n =
[
m˜(p) (sin p1 − i sin p2) 1n
(sin p1 + i sin p2)
1
n −m˜(p)
]
.
(47)
Substituting it into Eq. (45), we get
N3[HW, 1n ] =
sgn(m+ 4) + sgn(m)− 2sgn(m+ 2)
2n
.
(48)
For m < −4 or m > 0 we have N3[HW, 1n ] = 0; for −4 <
m < −2 we have N3[HW, 1n ] = 1/n; for −2 < m < 0
we have N3[HW, 1n ] = −1/n. In Fig. 2 we represent the
brunch cuts in the Brillouin zone of this model.
7FIG. 2: In the figure the branch cuts in the Brillouin zone
of the model constructed of Wilson fermions are shown. The
branch points are obtained from setting z = z¯ = 0. And
the branch cuts are obtained by setting Re z < 0, Im z = 0
and Re z¯ < 0, Im z¯ = 0 , where z = sin p1 + i sin p2, z¯ =
sin p1 − i sin p2.
The second model we look at is based on the Haldane
model, perhaps the first model realizing anomalous quan-
tum Hall effect. The Hamiltonian reads:
HH = 2t2 cosφ
∑
i
cos(p · bi)σ0 + t1
∑
i
[cos(p · ai)σ1
+ sin(p · ai)σ2] + [M − 2t2 sinφ
∑
i
sin(p · bi)]σ3
= 2t2 cosφ
∑
i
cos(p · bi)σ0 + [M − 2t2 sinφ
∑
i
sin(p · bi)]σ3
+
[
0 t1
∑
i e
−ip·ai
t1
∑
i e
ip·ai 0
]
=
[
h′0 + h
′
3 h
′
1 − ih′2
h′1 + ih
′
2 h
′
0 − h′3
]
, (49)
where
|a1| = |a2| = |a3| = a
cos〈a1,a2〉 = cos〈a2,a3〉 = cos〈a3,a1〉 = −1
2
bi =
1
2
ijk(aj − ak) . (50)
Our fractional topological insulator made of this model
is defined by Hamiltonian
HH, 1n = 2t2 cosφ
∑
i
cos(p · bi)σ0
+ [M − 2t2 sinφ
∑
i
sin(p · bi)]σ3
+
[
0 (t1
∑
i e
−ip·ai)
1
n
(t1
∑
i e
ip·ai)
1
n 0
]
=
[
h0 + h3 h1 − ih2
h1 + ih2 h0 − h3
]
. (51)
After some algebra we get the expression for the deter-
minant
det(
∂h˜′i
∂pj
) = −
√
3
2
t21a
2
∑
i
sin(p± · bi) . (52)
Next, setting
h′1 = h
′
2 = 0
gives ∑
i
eip·ai =
∑
i
e−ip·ai = 0 , (53)
which leads to
sin(p± · (a1 − a2)) = sin(p± · (a2 − a3))
= sin(p± · (a3 − a1)) = ±
√
3
2
(54)
thus
sin(p± · bi) = ±
√
3
2
. (55)
The above equation allows us to obtain the result of Eq.
(45)
N3[HH, 1n ] =
1
2n
(sgn(M + 3
√
3t2 sinφ)
−(sgn(M − 3
√
3t2 sinφ)) . (56)
In Fig. 3 we represent the brunch cuts in the Brillouin
zone of this model.
VII. CONCLUSIONS AND DISCUSSIONS
In this paper we propose scenario, in which collective
excitations in fractional Chern insulators carry electric
charge of electron. We suppose, that the dynamics of
quantum Hall effect in some of those materials may be
described qualitatively by the theory, in which the men-
tioned collective excitations do not interact with each
other, but instead the corresponding one-particle Hamil-
tonian has an unusual form-it is defined on the Brillouin
zone with the branch cut. Accross this branch cut the
Hamiltonian is not continuous. It becomes continuous if
the Brillouin zone is enlarged and contains several folds
connected at the branch cut. The topological invariant
responsible for the FAQHE has the same expression as
Eq. (11) [14, 15] for the AQHE. The corresponding in-
tegral over all folds of the multi-valued Hamiltonian (i.e.
over several copies of the Brillouin zone) is equal to an
integer. Correspondingly, an integral over the single Bril-
louin zone with the branch cut is equal to this integer
divided by the number of folds. This is how in our ap-
proach the Hall conductivity appears to be equal to the
fractional number times Klitzing constant.
8FIG. 3: In this figure the branch cuts in the Brillouin zone
of Haldane model are shown. The hexagonal region is the
first Brillouin zone and the rhombic region with blue dotted
boundary is a unit cell of the reciprocal lattice. The white
and black dots represent two types of branch points. We
choose the branch cuts as the zigzag lines connecting two
types of branch points, which correspond to z = 0, where
z =
∑
i e
ip·ai .
A possible interpretation of the many-fold Hamiltonian
is that it describes the degeneracy of the ground state of
the system. The quasiparticles described by this Hamil-
tonian live within the Brillouin zone with the branch cut.
Those are the excitations above one of the degenerate
ground states of the system. Crossing the branch cut we
drop to the fold of the Brillouin zone, which corresponds
to the quasiparticles around another representative of
the ground states set. Correspondingly, the n-fold one-
particle Hamiltonian may model the excitations above
the n-fold degenerate ground states. Having in mind all
mentioned above we come to the following pattern. In the
conventional systems without interactions the electrons
have single-valued one-particle Hamiltonians, which give
rise to the integer value of the topological invariant of
Eq. (11). Due to the presence of interactions or for other
reasons the fermionic excitations in fractional Chern in-
sulators above the ground state may be described, at
least, qualitatively, by the Brillouin zone with a branch
cut. The one-particle Hamiltonian of these excitations is
multi-valued. Across the branch cut there is the entrance
to the world of the excitations above another copy of the
ground state. Since only one of the degenerate ground
states is realized in reality, the one-particle excitations
only above one of the ground state copies is realized. We
assume that the mentioned excitations carry the electric
charge of electrons. Then the direct calculation of the
Hall current gives us the standard expression of Eq. (11),
in which the value of N3 is fractional because the one-
particle Hamiltonian is multi-valued. This pattern may
appear, for example, due to the interactions between the
ordinary Bloch electrons with single-valued Hamiltoni-
ans. The interactions then make out of the Bloch elec-
trons the more complicated collective excitations, which
already have the multi-valued Hamiltonians. Alterna-
tively, the lattice Bloch electrons themselves may acquire
the multi-valued Hamiltonians in certain materials with-
out any relation to Coulomb interactions, or exchange by
quanta of lattice excitations. In both cases the particular
mechanism is unknown to us, and we only conjecture its
result - the appearance of the branch cut in the Brillouin
zone of the model describing the fermionic excitations in
FCI.
It is worth mentioning, that the topological invariance
is lost, strictly speaking, in the case of multi - valued
Green functions. For integer AQHE the topological in-
variant N of Eq. (11) is robust to smooth variations of
the Green function. If the Green function is multi - val-
ued this property is lost: arbitrary variations of G may
lead to a change in the value of N3. If, however, the in-
tegral in Eq. (11) is extended to all folds of the multi
- valued Green function (giving an integer number), this
property will be back. Thus the breakdown of topological
invariance is due to the possibility that integrals in Eq.
(11) over different folds of the multi - valued Hamiltonian
give different values. Arbitrary variations of G may cause
this. Let us consider the systems with the Hamiltonian
of the form of Eq. (31). Then Eq. (45) prompts when
the topological invariance is restored for the proposed
expression of Hall conductivity. This occurs if we re-
strict our consideration to those variations of the Hamil-
tonian, for which the branching points (the endpoints of
the branch cuts) remain coinciding with the positions of
zeros of function h1(p) + ih2(p). It is also necessary that
the type of the singularities at the branching point re-
mains the same (i.e. if we turn around the branching
point, function h1(p)+ ih2(p) acquires the same phase as
without modification). N3 remains robust to such varia-
tions (for the detailed consideration see Appendix A).
Notice, that in our consideration we still did not take
into account both interactions between the quasiparti-
cles, and disorder. It is natural to suppose, that the
only modification of an expression for the Hall conduc-
tivity is (as in the case of integer AQHE) that the non-
interacting two-point Green function is to be substituted
by the complete interacting one. The absence of correc-
tions to the FAQHE conductivity containing the multi-
leg Green functions may be, possibly, proved extending
the approach of [16] to the systems with the multi-valued
Hamiltonians. Even more challenging is the possible ex-
tension of our scheme to the non-homogeneous systems.
Here we expect that taking into account disorder in FCI
and the consideration of the FQHE in the presence of
magnetic field may be achieved using the same method-
ology related somehow to the one of [59–63]. However,
this extension of our research remains out of the scope of
the present paper.
The authors are grateful to Chunxu Zhang for useful
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Appendix: Robustness of fractional Hall
conductivity against perturbations
In this appendix we establish conditions under which
variations do not lead to change of Hall conductivity.
First of all let us consider the fractional winding number
defined in Eq. (21). The variation of N ′1 is
δN ′1[z
′, z¯′] =
1
4pii
(∫ t=t0+T
t=t0
(z′(t) + δz′(t))−1d(z′(t) + δz′(t))
(z¯′(t) + δz¯′(t))−1d(z¯′(t) + δz¯′(t))
)
− 1
4pii
(∫ t=t0+T
t=t0
(z′(t))−1dz′(t) + (z¯′(t))−1dz¯′(t)
)
(57)
for infinitesimal δz′(t) and δz¯′(t). Since
(z′(t) + δz′(t))−1 ≈ z′(t)−1(1− z′(t)−1δz′(t))
(z¯′(t) + δz¯′(t))−1 ≈ z¯′(t)−1(1− z¯′(t)−1δz¯′(t)) ,(58)
δN ′1[z
′, z¯′] ≈ 1
4pii
(∫ t=t0+T
t=t0
z′(t)−1dδz′(t)− z′(t)−2δz′(t)dz′(t)
+ z¯′(t)−1dδz¯′(t)− z¯′(t)−2δz¯′(t)dz¯′(t)
)
=
1
4pi
(∫ t=t0+T
t=t0
d(δz′(t)z′(t)−1 + δz¯′(t)z¯′(t)−1
)
=
1
4pi
(
δz′(t)z′(t)−1 + δz¯′(t)z¯′(t)−1
)∣∣∣t=t0+T
t=t0
.
(59)
We know that{
z′(t+ T ) = z′(t)e
2pin1i
n
z¯′(t+ T ) = z¯′(t)e−
2pin1i
n
(60)
Therefore, in general δN ′1 may be nonzero. However if
we require the same periodicity for δz′(t) and δz¯′(t), that
is {
δz(t+ T ) = δz(t)e
2pin1i
n
δz¯(t+ T ) = δz¯(t)e−
2pin1i
n
, (61)
then δN ′1 = 0 for any t = t0. The infinitesimal transfor-
mations of this type do not change topology of maps{
z′(t) = z
1
n (t)
z¯′(t) = z¯
1
n (t)
. (62)
Next, we study the value of N3 for a multi-valued Hamil-
tonian defined by Eq. (41) and its infinitesimal deforma-
tion.
δN3[Hk/n]
=
i
8pi
∫
BZ
d
(h3 + δh3
|hδ| d ln(
h1 + δh1 + i(h2 + δh2)
h1 + δh1 − i(h2 + δh2) )
)
− i
8pi
∫
BZ
d
( h3
|h|d ln(
h1 + ih2
h1 − ih2 )
)
(63)
=
i
8pi
∫
BZ
d
(h3 + δh3
|hδ| (d ln(
h1 + δh1 + i(h2 + δh2)
h1 + δh1 − i(h2 + δh2) )
−d ln(h1 + ih2
h1 − ih2 )
)
+
i
8pi
∫
BZ
d
(
(
h3 + δh3
|hδ| −
h3
|h| )d ln(
h1 + ih2
h1 − ih2 )
)
.
(64)
The second term can be integrated using procedure of
Sec. (V) and becomes
k
2n
∑
pa
((sgn(h′3 + δh
′
3)− sgn(h′3))sgn(det(
∂h˜′i
∂pj
)|pj=paj )) .
(65)
For infinitesimal δh3 this is zero. The first term becomes
i
8pi
∫
BZ
d
(h3 + δh3
|hδ| d((δh1 + iδh2)(h1 + ih2)
−1
+(δh1 − iδh2)(h1 − ih2)−1) . (66)
For this to vanish, we need to require similar conditions
as in the case of δz′(t) and δz¯′(t). Around every singu-
larity, if
h1(θ0 + 2pi)± ih2(θ0 + 2pi) = (h1(θ0)± ih2(θ0))e± 2pin i
(67)
we require
δh1(θ0 + 2pi)± iδh2(θ0 + 2pi) = (δh1(θ0)± iδh2(θ0))e± 2pin i(68)
to make the second term vanishing. Here θ is an an-
gle corresponding to turning around the given branch-
ing point. θ0 is an initial value of θ, while θ0 + 2pi is
its value after the complete circle around the branching
point. This way the topology of h1 ± ih2 is unchanged,
and N3[Hk/n] remains robust to the variations of the
Hamiltonian of this type.
It is worth mentioning that the variations of Hamilto-
nian considered above not necessarily correspond to fixed
positions of the branching points in momentum space.
The variations may result in moving of those points, and
the condition of Eq. (68) corresponds to turning around
the new (moved) branching point. We would also like to
notice that the variation satisfying this condition is not
smooth everywhere. Being the multi - valued function it
has to be discontinuous along the branch cut.
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